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Abstract

The paper draws on a didactic experiment conduntadgsecondary school mathematics class-
room in Greece which aimed to explore a) ways irctvistudents develop problem representa-
tions, reasoning and problem-solving, making deossiand receiving feedback about their ideas
and strategies in a DGS-supported environment h¥wawhich students develop rigourous
proof through building linking visual active repesegations and c) ways to develop students’ van
Hiele level. The mathematical problem the studentsaged with — either in the Geometer’s
Sketchpad dynamic geometry enviroment (Jackiw, 1888 the static environment - generated
potentially insightful data on the issues focusedh® comparison between the experimental and
control groups. Initially, three pairs from the exinental group explored the treasure problem
within a dynamic geometry environment. The disaussiand results of the discussion were
videotaped. The problem was then reformulated by¢isearcher taking into account the research
group’s retroaction, and re-explored by both thetiab and experimental groups in a paper—
pencil test. The researcher then (semi) pre-dedigndtiple-page sketches detailing the sequen-
tial phases of the solution to the problem usiggndus proof, and in so doing transferring her
classroom reaching style into the software deslgaying on the chain questioning method of
Socrates, which aim to stimulate interaction. ks teason, she linked all the software func-
tions/actions using the interaction techniquespstted /facilitated by the Geometer’s Sketchpad
v4 (DGS) environment (Jackiw, 1988) to better alkiwdents to discover solution paths and to
reason by rigorous proof. This mode of design &ed¢sults of the experimental use of the soft-
ware with students led to the need to define twie cencepts: the meanings of Linking Visual
Active Representations (LVAR) and Reflective VisRaaction (RVR). The researcher observed
the students’ actions and thinking processes duahiegesearch process and offers a description
and analysis of these processes. An analysis akthdts of the experimental procedure revealed
that students are led to a) develop strate-
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and van Hiele levels are used as descriptors éoditlogues’ analysis.

Keywords: DGS, van Hiele model, mental schemes, LinkinguelisActive Representations, Re-
flective Visual Reaction, rigourous proof

Introduction

Applying Comenius’ rationale that “learning has bhé&coming more and more an activity”,
Freudenthal (1971, p. 415) adds that he dismisseguestion “whether people learn better by
active building up the subject than by passivepgogr of a ready made matter.” This idea ac-
cords with the constructivist hypothesis as Marr(@02) declares “that learning results from a
process of active adaptation of the learner t@hH#s environment, rather than a passive reception
of information or instruction”. On the other handmdi (1996, p.35) writes that “it is not possible
to fully understand how people learn or work, & tmit of study is the unaided individual with

no access to other people or to artefacts for aptishing the task at hand”. From this perspec-
tive, we consider the computer to constitute a funehntal artefact with a crucial role to play in
learning processes. Computers, according to P&b(p9167), are “reorganizers of mental func-
tioning”. The technological environment of the cartgr provides cognitive tools through which
the user's communicative expression can be impravagert (1980) writes that children need
tools to think with; a fundamental question conedhre ways in, and procedures through, which
computers could be used effectively in educatiooagmitive tools to promote and reinforce cog-
nitive processes, and act catalytically upon thaitjuof knowledge. According to Roschelle,
Pea, Hoadley, Gordin, & Means (2000, p.79), rese&to cognitive processes has shown that
learning is most effective when four core condisitwold: (1) active engagement, (2) participation
in groups, (3) frequent interaction and feedbaok, @) connections to real world contexts”; all
supported through effective uses of technology.

Dynamic geometry systems have been described gsutational environments that embody
some subdomain of mathematics or science, genesithg linked symbolic and graphical repre-
sentations. Through computers’ enviroment and dymgeometry environments especially can
allow students to explore the various solution patidividually and in small groups in which
they make decisions and receive feedback on tihe#si and strategies.

Mental schemes are developed by the students dorifdematic situations. Cobb, Yackel, and
Wood (1992, p.4) suggest that “students constracttat representations that correctly or accu-
rately mirror mathematical relationships locatetsmle the mind in instructional representa-
tions”.

Consequently: Which is the role of the computestirdents constructing mental schemes? How
can the computer contribute to the configurationagnitive units, and thus operate as a refer-
ence point for organizing, pursuing, and retrievimigrmation, and thus facilitating the reusing
and handling of the schemes in a wide range o&titas? How can the construction of rigorous
proofs be affected by dynamic geometry systems?t\ikiEact can dynamic geometry systems
have a student’s van Hiele level?

Introducing newepresentational infrastructurg&aput, Noss, & Hoyles, 2002, p.2) such as
dynamic geometry systems in the teaching and legnmiocess makes it necessary to investigate
the way in which students create mathematics apgdastireasoning. The focal point of interest,
and subject under analysis, are the students’ assamel the way in which they represent and
verbally formulate concrete and abstract situationgoblems.The present study a) focuses on
the insightful data provided by a comparison ofgékperimental and control groups during the
research process b) reports and describes a staldytaken to investigate the benefits of using
(semi) pre-designed sketches relating to rigoreasfpat the secondary school level; van Hiele
levels are used as descriptor for the analysis.
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The Role of the Dynamic Geometry Enviroment in Problem
Posing

Writing in “Crossroads in mathematics: Standardsrivoductory college mathematics before
calculus” Daniel Alexander offers the following lexftions on the value of students learning ge-
ometry (quoted in Larew, 1999): “Geometry is a eththat provides much of the basic core of
knowledge that the student of mathematics shoutdgss...introduction to forms of argument,
introduction to forms of proof, the deductive skithat reach far away places ...” (in Cohen, 1995,
p. 27). If we take the role of teacher seriouslg@scerns the realisation and planning of activi-
ties then, &very activity should be based on geonietractly as Goldenberg (1999) purports it

to be —a fundamental principle.

Dynamic geometry systems such as the Geometertsif§ied (Jackiw, 1988) or Cabri Il (J-M.
Laborde, Baulac, & Bellemain, 1988), or any oth&®Psoftware are microworlds which
(Straesser, 2002, p.65) “even if the programs difféheir conceptual and ergonomic design,
they share: a) a dynamic model of Euclidean scB@ametry and its tools (the dragmode); b)
the ability to group a sequence of constructionmamds into a new command (macro-
constructions); c) the visualisation of the trateaints which move depending on the movement
of other points (locus of points)”. They were dgesd to facilitate the teaching and learning of
Euclidean geometry and can play a fruitful and igduole in the process of creating and evaluat-
ing conjectures which promote student creativibyg & so doing greatly contribute to developing
mathematical reasoning. Geometer’s Sketchpad v&&#t) (Jackiw, 1988) is a dynamic geome-
try system and a tool for teaching mathematicgjquaarly high school geometry (e.g for explo-
rations of geometrical constructions). The softigaoptions menu, allow the user to produce
constructions which must conform with the princgotd Euclidean geometry if they are to func-
tion and pass the dragging test. This means tkagttident has to know the theory of geometry if
s/he is to make a correct geometric constructioned (2000, p.56) points out that “dynamic ge-
ometry systems (DGS) would seem to have the paldotprovide students with direct experi-
ence of geometrical theory, and thereby break dehat can be an unfortunate separation be-
tween geometrical construction and deduction”.

By way of a brief overview, many researchers hawelacted studies and concluded that stu-
dents who used the Sketchpad displayed:

- more positive reactions when testing conjecturescamstructions (see, inter alia,
Growman, 1996);

- achieved significantly higher scores on a testaaiig concepts (see, inter alia, Dixon,
1996, who concludes that students who were taughitahe concepts of reflection and
rotation in a GSP environment significantly outpenied their peers who had received
traditional instruction in the content measurethete concepts);

- achieved significantly higher scores between tlee @and post-tests (see, inter alia,
Yousef, 1997 and Almeqgdadi, 2000).

Researchers around the world concur in the viewgleater emphasis should be put on activities
in software that actively involve students. Actiedt should therefore be designed to motivate stu-
dents and encourage them to actively construct ledye. Designing learning activities, and
making them effective in its static and dynamic ensions, is a complex pedagogical task that
lies at the heart of teacher practices involvinglass design. The role of the designer of the ac-
tivities in the DGS environment — taking the desigto be the teacher in his/her professional
practice — is crucial as s/he can develop the odioreof interaction techniques (Sedig & Sum-
ner, 2006) in the computer software by evolvingheatatical problem-solving techniques. This
commentary on the integrated mode of designingities consequently highlights the trying out
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of ideas in practice as a means of increasing kedgd while simultaneously improving curric-
ula, teaching and learning (Kemmis & McTaggart, 298

The Role of van Hiele Levels for the Construction o f

Proofs in a DGS Enviroment

The role of teaching and learning mathematical fhes been investigated by numerous re-
searchers all over the world, each of whom tackiedssue from a different perspective. Accord-
ing to Olivero (2002) the main issues being tacldess all studies are:

- “the definition of roles and functions of proofdifferent historical and institutional set-
tings”;

- “the function proof should have in mathematics amsichool mathematics”;

- “the relationship between different activities ihxex in proving”;

- “the ways to support students in their approagbréwing in the classroom”

Strands of this research includes the analysitudiesits’ cognitive processes during the construc-
tion of proofs (see, inter alia, Duval, 1991; Ha&&ebowder, 1996) and the teacher’s role in the
proof process (see, inter alia, Bartolini Bussi &tiétti, 1998). Other researchers have focused
on the impact computer technologies can have ssalath regard to proof (see, inter alia, C. La-
borde, 1993; Schwartz & Yerushalmy, 1992) somengpfor a quantitative investigation of the
impact dynamic geometry software can have on tbheqss of proof (see, inter alia, de Villiers,
1998; Goldenberg, 1995; Olivero, 1999).

Olivero (2002) reports that “in some countries fifoas been reduced in importance or elimi-
nated from the mathematics curriculum” (Hanna, 2@@@ted in Olivero, 2002) but “in other
countries, proof has been largely reintroducedéndurriculum since elementary school levels”
[see, inter alia, the NCTM Standard 20B0p://standards.nctm.oiquoted in Olivero, 2002).

The dynamic geometry software covered in this pé&parses on a) strategy development and the
construction of meanings in student pairs in theSD¥avironment, and b) the orchestration of a
“scenario in use” during the didactic experimenbétter allow students to discover solution
paths and to reason by rigorous proof (Patsion#t®ioleza, in press).The researcher carried out
“the didactic experiment (in order) to raise studethought levels” as Hoffer (1983, p.207)

writes highlighting the endeavour of Dina Van Hi€eldof who enhanced students’ thinking.

Dina van Hiele Hiele-Geldof (in Fuys, Geddes, &chiker, 1984, p.13) declares that “a didactic
experiment involves the observation of psycologp#nomena, the subjective attidute of the
observer (something) that is almost impossimbigitainate”. According to Dina van Hiele
Hiele-Geldof (in Fuys et al., p.16) the didactipesiments that she discussed had the objective
“to investigate the improvement of learning perfarmoe by a change in the learning metfiod
underlined by the author)”. She investigated indtady if “it was possible to use didactics as a
way of presenting material, so that the visualkimg of a child is developed into abstract think-
ing in a continous process, something that is mggguior logical thinking in geometry”. The ma-
terials used by Dina van Hiele to assist her sttgd@nogression though levels, were artefacts
used to model or represent mathematical proce$sesmoepts (made out of materials con-
structed by man).

Artefacts they can either be palpable (a card cocson, for example) or digital (a software con-
struction). The representation of mathematical @bjasing static means (e.g cardbord) is a time-
consuming process, and is not recommended in @aksgst with High School students. On the
other hand, students are drawn into a process thegrcan see it develop effectively and in real
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time in the environment in which they are worki@gpmputers and specifically dynamic geome-
try systems are a part of the enviroment.

Fuys, Geddes, and Tischler (1988 quoted in GawlbR5) support that “dynamic manipulations
help students to transit from the first to the setean Hiele level”. The level 3 (deduction) is
identified “as the level which the students coratproofs, understand the role of axioms and
definitions, and know the meaning of necessarysafiicient conditions” (Gawlick, 2005Bat-
tista (1998 quoted in Gawlick, 2005) for example Haveloped a sequence of activities in a mi-
croworld to “encourage students to pass througfiitstethree van Hiele levels.”"Gawlick (2005,
p. 362) reports in his study, that he has develdfgsthing materials that address level 3 (and
higher) in a slightly different way than traditidlyd and suggests that “progression through
these levels will not occur all by itself, but nedd be triggered by giving the students suitable
tasks that really afford the building of new cortsép

Meaning that those activities that contribute ® &lctive, discovery-based teaching method is an
artefact, and the logic underlying their designfisoncern to Maths teachers who seek to teach
their subject in class using material which makessier for students ascend to a higher level.
The researcher expended a great deal of thougesigning activities which transferred to the
software environment the teaching methods sheinsadss using static means which resulted in
her students’ levels of thought rising slowly.

This was what drove her to construct in the dynage@metry enviroment of the Geometer’s
Sketchpad, (semi) pre-designed multiple-page skstohthe problem described in the next sec-
tion, in line with a specific logic via which théuslents’ level of thought rose. This was the final
stage in her four phase research method whictbeitlescribed in due course.

The Design of the Open Ended Problem
in ADGS Enviroment

Freudental (1971, p. 413) self responding to hia question about “What is mathematics” ar-
gues that: “mathematics is an activity....which caralmatter from reality...which has to be or-
ganized according to mathematical patterns if @noisl from reality have to be solved.”

The researcher chose a problem that would stimthiatstudents’ interest and urge them to use
their knowledge of geometry to: a) visualize andjecture, b) investigate, and c¢) prove. Accord-
ing to Kilpatrick (1987) “Problem formulating shaube viewed not only as a goal of instruction
but also as a means of instruction.”

A problem created by George Gamow (1948, reprih@2B) involving pirates and buried treas-
ure seemed ideal. The researcher bolstered théeprabith historical evidence from Homer,
seeking thus to motivate her pupils to developrtimerest in ancient history through Maths.
Gamow’s problem hinges on a treasure map found widiman’s attic. Here is the revision pro-
vided by the researcher:

“In the Odyssey, Homer (c74-77) mentions that tingte@s also raided Greek islands. The pirate
in our story has buried his treasure on the Grslekd of Thasos and noted its location on an old
parchment. You walk directly from the flag (point F) to thelparee (point P), counting your
paces as you walk. Then turn a quarter of a citaléhe right and go to the same number of
paces. When you reach the end, put a stick inrinengl (point K). Return to the flag and walk
directly to the oak tree (point O), again countymur paces and turning a quarter of a circle to
the left and going the same number of paces. Rathan stick in the ground (point L). The treas-
ure is buried in the middle of the distance ofttle sticks (point T).”(Figure 1) After some years
the flag was destroyed and the treasure could adbbnd through the location of the flag (Fig-
ure 2). Can you find the treasure now or is it iregible?
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Figures 1 and 2 are screenshots of the softwaeepiidof usually involves complex numbers or
algebra /geometry. The exploration in the followsegtions employs the Geometer Sketchpad v4
and a geometry framework as its medium of investgaand productive reasoning. As a conse-
guence, the researcher using interaction techni@@extig & Sumner, 2006) to design the prob-
lem in the software’s multiple pages.

The interaction techniques used will be reportefdiiinover the research along with their impact
on the pupils’ representation, problem solving prabf construction skills. The experimental
stage will then include an explanation of the desigproach using screenshots, and link the ac-
tivity design process to students’ reactions aedettfiect these techniques have on classroom in-
teraction.

[~
)
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[EIENNEIREg)

THE TREASURE OF
TIE PIRATE

Figure 1: Screenshot from the software Figure 2: Screenshot from the software af-
before hiding the flag ter hiding the flag

At this stage, we shall limit ourselves to mentimntwo important factors the researcher took
pains and a great deal of thought, to take into@acwhen designing the activities, both of
which are based on classroom observations madawaey years of teaching geometrical proof.

Namely:

- linking the steps in the constructional, transfaior@al or explorative actions or proc-
esses in the software using interaction techni¢Bedig & Sumner, 2006)

- linking the steps in the proof via a sequence gegar the same page in the DGS envi-
ronment using interaction techniques (Sedig & Sun?@06)

Both factors impact directly on how students anelga to the proof process through solving
problems, and hence on how students are guiddusteaat thought processes. Thus, during the
problem-solving process or when reproducing a tvaawith a view to proving it, the teacher or
students ask questions which help them constregpithof. Thus, a problem would be solved by
breaking it down into a series of questions whosars gradually distil the proof the students
seek. This process is reminiscent of the Socragithad (“maieftiki” in Greek) by which teachers
ask questions designed to elicit the correct angnwdmreasoning processes. The questioning
process thus helps students determine and extemditiderlying knowledge. The researcher
took this entire process of the Socratic methodteartsferred and adapted it for the software,
which is to say she connected or foresaw the quesgxplicitly or implicitly posed by the
teacher or students and linked the different stag#ee proof to different pages in the software.
During teaching sessions, the students had tomeasthe same speed as the rapidly repeated
guestions asked by the researcher, who had torrémsb more quickly and more correctly than
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the students, or discover errors in the studesésaning and formulate questions the students
could only answer through a process of reasoning.

In this way, neither teacher nor students waste tmconstructing all the problem’s reconstruc-
tive steps in class, since these can be revealetidking on an action button.

Here are two examples of half pre-designed steplistrate the software process: a) the straight
section KL has been joined using trace, and thepasition of point F has produced a different
trace of the straight section KL. This action cep@nds to the question: “What would happen, do
you think, if we changed the position of point Fete the flag is?” We then leave the students to
answer by moving Point F. This produces a seridia@$ KL, all of which pass through Point T.
“Trace” according to Jahn (2002) “emphasises a olyoianterpretation of the representation of a
trajectory of a point ... representing, at least igifty, the image of a set of points for a certain
application.” b) In Figure 2, a pre-designed hitlelg action button allows the user to hide the
flag and with it Point F, which allows studentstgeriment and investigate the subject in their
own way. This action causes the lines which coeidilto the treasure point T simultaneously
disappearing. The researcher deliberately lefttPioom the screen, because if it disappeared, the
students would be unable to visualize or investiglaé problem.

This means that the process is directly linkedaw the activities can guide the students to reach
conclusions. Bringing this analysis of the logidloé design process, it should be noted that the
researcher bore the following in mind when designaonstructing and implementing the activi-
ties: a) the process should be active to keepttiiests interested and promote discovery; a) stu-
dents should be guided to reach conclusions isttiet sense of a conclusion stemming from a
Euclidean proof, c) the theories detailed in thgtrsection which deal with knowledge, teaching
and the learning of Mathematics.

This approach to design ensures that the teachowegs provides the students with the guidance
they require, and helps them replace their pretiegi¢ extant knowledge by assimilating new
knowledge or accommodating it as complementaryttatwihey already know (Piaget’s assimila-
tion and accommodation), or by confirming / anttipg the pupil’s thought processes and men-
tal approaches.

Theoretical underpinning

“After observing secondary school students havieggdifficulty learning geometry in their
classes, Dutch educators Pierre van Hiele andifésDina van Hiele—Geldof developed a theo-
retical model involving five levels of thought démement in geometry” (in Fuys et al., 1984,

p.6) The model of van Hiele describes levels aiking that students progress through in reason-
ing about geometry and focuses “on the role dfulcsion in teaching geometry and the role of
instruction in helping students move from one ldeghe next” (in Fuys et al., 1984, p.6). The
van Hiele theory distinguishes five different lessef thought. Fuys et al. specified that to be “on
a level” students had to consistently exhibit betans indicative of that level. The usual inter-
pretation and general features of the first fouelg, which are most pertinent to secondary
school geometry, can be described as follows (Dleekd 2004; Gawlick 2005):

- Level 1 (recognition or visualization): studentsually recognize figures by their global
appearance. The properties of the figure are rutoitky identified or perceived.

- Level 2 (analysis): students start analysing tloperties of figures and learn the appro-
priate terminology for their description. They gacognize and name properties of geo-
metric figures, but do not see relationships betwbese properties.

- Level 3 (ordering): students logically order figsirproperties by short chains of deduc-
tions and understand the interrelationships betvigeres.
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- Level 4 (deduction): students start developing @rggquences of statements and begin
to understand the significance of deduction, the obaxioms, theorems and proof.

Fuys et al. (1988 quoted in Gawlick, 2005) argue ttynamic manipulations help students move
from the first to the second van Hiele level. Le¥g€beduction) is identified as the level which is
connected with the construction of “if...then” staents, and consequently with proof (Gawlick
2005). Vygostky (1934, p.150) declares that: “tireal teaching of concepts is impossible and
fruitless. A teacher who tries to do this usualtg@mplishes nothing but empty verbalism”. The
mediatory role of the activities in introducing geetrical meanings is fundamental. It would thus
seem very important for geometry teachers to krieir students’ levels of geometric thought
based on the van Hiele model and to develop/desitivities accordingly. Pierre van Hiele in
Fuys, et al. (1984, p.247) writes: “If we agreet i@ aim of our teaching is that the student
should know how to prove theorems, it is highly im@ble that the student’s thought is aimed
directly towards this goal”.

Another important aspect of the van Hiele modéhesfive phases it specifies in the apprentice-
ship/learning process, which are, in brief (Fuyalgt984): 1) information (inquiry), 2) directed
orientation, 3) explication, 4) free orientation,iftegration. Instruction that takes this sequence
into account promotes the acquisition of a higeeel of thought. According to Freudenthal
(1973, p.418 quoted in Gawlick, 2005) “Good geomatstruction can mean much — learning to
organize a subject matter and learning what isrozgay, learning to conceptualize and what is
conceptualizing, learning to define and what igfinition. It means leading pupils to understand
why some organization, some concept, some defimitidoetter than another. Traditional instruc-
tion is different... All concepts, definitions anddiestions are preconceived by the teacher.”

In the software, the researcher chose a moderraaapof the Socratic Method. The Socratic
Method is a dialectic method of inquifyreudenthal (1971, p.414) supports that “Socraites d

not teach a ready made solution but the way o¥egiting the solution.” The same approach two
millenia later was formulated by Comenius (quoteéiieudenthal, 1971): "The best way to teach
an activity is to show it." According to Freudenitthis is a socratic idea, though it involves

more than a Socratic lesson. While Socrates tehighesson, the slave listened, whereas Comen-
ius will show the student an activity to explaiteafvards what it means and finally to have it
imitated by the student.” Freudenthal supportsithadern educators are likely to subscribe to a
variation of Comenius' device while "The best waydach an activity, is (not) to show it" but
rather "The best way to learn an activity, is tofqen it."

The researcher opted to serve as a teacher atsteggs during the research. Cobb and Steffe
(1983) enhance the idea of the researcher as tesgheorting that “the activity of exploring
children’s construction of mathematical knowledgestrinvolve teaching”. According to them
there are three important reasons for this:

- “the insufficiency of relying solely on a theowal analysis”

- “the experiences children gain through interactiwite adults greatly influence their
construction of mathematical knowledge”

- “the importance we attribute to the context withinich the child constructs mathemati-
cal knowledge”

The role of the teacher as mediator is crucialrdutihe active process of teaching and learning
mathematics while according to Mariotti (2002, p).1®semiotic mediation develops on different
levels...and the construction of meanings occurb@agtoduct of a process of internalisation
guided by the teacher”.

The activity theory which considers tool use tceb@edded in social practice could provide a
fruitful additional perspective. In the activityebry frame, the learning environment is consti-
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tuted by the enactment of a teaching/learning igtoriented to an educational object, involving
student, teachers and artifacts. Bellamy (199&3).&sserts that activity theory is an appropriate
framework for the analysis of innovations partakiigechnology (such as the design of activi-
ties) because ‘it is part of a general procesathial evolution in which artefacts mediate hu-
man activity’. Kuutti (1996) states that the redathip between activities and information tech-
nology mediating education may involve:

“automating and substituting human operations”,
“serving as a tool in manipulative and transforvafictions”, and
“helping in actions directed towards sense making”.

Activity theory “can be used also to describe th&team of relationships characterizing a teach-
ing/learning activity” (Cerulli, Pedemonte, & RokipP005). A learning environment and espe-
cially a DGS learning enviroment is something whigho-built in the teaching and learning ac-
tivity by participants of the activity. According Cerulli, Pedemonte, & Robotti (2005) “the
teacher, which is a co-actor of the activity, cdmanistrate/control/cause such changes, thus
guiding the development of the activity accordiadnis/her educational goal or to the exigencies
of the class.”

A part of the study that which is discussed “reskearsing LVAR” is underpinned by the theory
of the instrumental orchestrations. Instrumentahestration is defined by Guin and Trouche
(2002, p.208) as: a setioividuals a set obbjectiveqrelated to the achievement of a type of
task or the arrangement of a work-environmentjdaatic configuration(that is to say a general
structure of the plan of action)set of exploitation modes this configuration:*The necessity

of orchestrations is apparent from this point @ during the learning process of mathematical
science considered as a construction of the ‘webéen the categories of the problems, the
mathematical objects and relations (Noss & HoyR36] p.105 quoted in Trouche, 2004)”. Dur-
ing the third Computer Algebra in Mathematics Edioca(CAME) Symposium, the Mind &
Machine group (“Discussion session of the Mind &dWiime group,” 2003) coordinated by Dri-
jvers supported among others the following: “th&oroof webbing was developed as a reaction
to the notion of scaffolding. ...How about the rofdlte teacher? His/her role is not included in
the notion of webbing. In orchestration it is. Wesld support the students in webbing, and or-
chestration might be one way.”

Guin, Ruthven, and Trouche (2004, p. 300) pointtat C. Laborde (1999) has developsdge
scenarios for geometry softwdifer teachers wanting to produce teaching units.ith s ob-
jectives, student materials, and supporting nategefichers to help put the unit into practic”.
Trouche (2004, p.303) writes that “an orchestratsgpart of a didactical exploitation scenario. A
scenario in use gives elements (various stagdweddtivity, organization of study time and
space) necessary for the teachers to conceiveiinsirtal orchestrations in their classes
(Trouche, p.2004).”

Artigue (2000), Guin and Trouche (1999), and Trau(2004) describe the dual interactive proc-
ess of instrumental genesis (Verillon & Rabard@B3), which takes place in a class of students
who share the same objective, distinguishing tvetirdit processes the ‘instrumentation process’
and the ‘instrumentalization process’. Concrefatiygue (2000) writes that instrumental genesis
is directed towards:

a) “the subject, and leads to the development or@pjation of schemes of instrumented
action which progressively constitute into techeisjwhich allow us to solve given tasks
efficiently” (instrumentation process)

b) “the artefact, loading it progressively with pdiatities, and eventually transforming it
for specific uses” (instrumentalization process)
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From Trouche’s point of view,jfistrumental geneses are individual processes, ddéwging
inside and outside classrooms, but including of cose social aspects(see Figure 3) (personal
e-mail correspondence with Professor Trouche ol ApR008). Trouche supports thatri' arte-
fact is tranformated thus through instrumental geneses, oriented by finalized actions, as-
sisted by instrumental orchestrations, into an intument”.

“Instrumental genesis™ developing
through finalized actions

Artifact and

Subject schemes

“Instrument”

Figure 3: The schema of instrumental approach (persoenaiecorrespondence with Professor
Trouche on April 2, 2008) based on Trouche’s (2G@8lema of instrumental approach

According to Artigue (2000), “An instrument is thssen as a mixed entity, constituted on the
one hand of an artefact and, on the other hantieacdchemes that make it an instrument for a
specific person. These schemes result from personakructions but also from the appro-
priation of socially pre-existing schemes.”

Rabardel (1995) calls the schemes linked to thizatibn of an artifact utilization schemes Ac-
cording to Rabardel: “Usage schemes are “relatesttmondary tasks’ corresponding to the spe-
cific actions and activities directly related te thrtifact” and “Schemes of instrumented action
are “related to ‘primary tasks’ aiming at operattransformations on the object of activity”

Through the instrumented action schemes, mathemh&tiowledge and knowledge of the tool
are combined. As Trouche (2004, p. 286) notes:ctheme has thus three main functions: a
pragmatic function (it allows the agent to do sdnmej), a heuristic function (it allows the agent
to anticipate and plan actions) and an epistenictfon (it allows the agent to understand some-
thing).”
FitzSimons (2005) writes that “Trouche in his dission of instrumental orchestration, exempli-
fies the three activity theory levels which are”:

- the first level where “the focus is on the ordinatilisation of the artefact, and students

may be helped learn the mechanics of computing”

- the second level, where “artefacts as instrumesrtgspond to both representations and
action modes, in order to encourage debates améke procedures explicit, or as a
means to reintegrate remedial or weak studentglietalass”

- the third (or ‘meta’) level where “the artefactdavfreflective methods of self analysis of
the activity, both individually and collectively”

As Trouche suggests “the development of a learemgronment requires three levels of control:
a topic oriented one (here mathematical); a tecgichl one (to understand the constraints and
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the potential of artefacts), and a psychologic& (o understand and manage the various proc-
esses of instrumental genesis for the learnersaarile teachers). These three levels can be kept
separate for analytical purposes, but they musttiegrated for design purposes” (in the editorial
of Waern, 2003, p.733).

In the next section, are defined the terms of LV&RI RVR, explaining what interactive tech-
nigues are, and how they can be applied to visa#thematical dynamic representations of the
DGS environment with a view to analyzing the studework and problem-solving strategies.

The Design of the Activities using Linking Visual A ctive
Representations (LVAR). The Role of Interaction
Techniques to the Reflective Way of Thinking (RVR).

Researchers around the world concur in the vietwtisaalizations and links between mathe-
matical representations are fundamental to undedistg how students construct mathematical
concepts and solve problems (see, inter alia DA@83; Eisenberg & Dreyfus, 1990; Janvier,
1987; Kaput, 1994; Presmeg, 1986; Vergnaud, 198f)ut et al. (2002) in their paper “Devel-
oping New Notations for a Learnable MathematickhanComputational Era” analysed “the ways
we use to present and re-present our thoughtsréeleas and to others, (in order) to create and
communicate records across space and time, anghpod reasoning and computation” (p. 2)
namely “how in the evolution of the new represeatstl infrastructures, and the associated arti-
facts and technologies have, over long periodsrad,tgradually externalized aspects of knowl-
edge and transformational skill that previouslysed only in the minds and practices” (p.33). As
they declare “a key aspect of the...representdtiofrastructure is revealed when we compare
how the knowledge and skill embodied in the systelates to the knowledge and skill embodied
in the usual curriculum” wishing “to challenge caammunity to focus attention on the design
and use of representational infrastructures thamately link to students’ personal experience.”

The term “representation” and the expression “sgsiérepresentation”, in connection with
mathematics teaching and learning, has the follgwikerpretation given by the following quote
of Goldin and Janvier (1998, p.1):

- An external, structured physical situation, or stnued set of situations in the physical
environment, that can be described mathematicalbeen as embodying mathematical
ideas;

- Alinguistic embodiment, or a system of languagkere a problem is posed or mathe-
matics is discussed, with emphasis on syntacticsanthntic structural characteristics;

- A formal mathematical construct, or a system ofstautts, that can represent situations
through symbols or through a system of symbolsallisobeying certain axioms or con-
forming to precise definitions--including mathencaticonstructs that may represent as-
pects of other mathematical constructs;

- Aninternal, individual cognitive configuration, arcomplex system of such configura-
tions, inferred from behavior or introspection, @#ésing some aspects of the processes of
mathematical thinking and problem solving.

Visual Mathematical Representations (VMRS) accaqydnSedig and Sumner (2006, p.2) are
those representations that “encode these proparitselationships for a represented world con-
sisting of mathematical structures or concepts (Oub Curcio, 2001; Hitt, 2002; quoted in
Sedig & Sumner, 2006) in providing a framework &ébphdesigners of mathematical cognitive
tools in their selection and analysis of differgmnéraction techniques as well as to foster the de-
sign of more innovative interactive mathematical$d (Sedig & Sumner, 2006).
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Sedig, Rowhani, & Liang (2005, p.422) pinpoint tfthe interaction with VMRS in a computing
environment has two aspects: the action upon @septation by the user through the intermedi-
ary of a human-computer interface, and the reptaden communicating back through some
form of reaction or response.” Sedig, Klawe, andstvéan (2001 quoted in Sedig & Sumner,
2006) conducted an empirical study and they fobat tadding scaffolding to direct manipula-
tion of representations of transformation geometnycepts significantly improved student learn-

ing”

Sedig and Sumner (2006) have distinguished betlasic and task-based interactions with
VMRs. To achieve pupil interaction using VMRS, tlesearcher used a diverse set of interaction
techniques including “animating” a point on itsipdtracing” a segment, “hiding and showing”
action buttons, and “linking” or “presenting” aatitbuttons. In so doing, she successfully linked
both the steps in constructional and transformatiantions and the various sequential phases in
the proof. According to Sedig and Sumner (200Bgriefits of animating VMRs include: attract-
ing and directing attention to embedded detailjaliging dynamic and transitional processes,
supporting external cognition, increasing visualieginess of encoded information, and facilitat-
ing perception of semantic and temporal transftiona inherent in the VMR”. The rotation
command /technique “has been referred to as dimeatept manipulation, as opposed to direct
object manipulation” (p.35) because “if studentsta focus on the concept of rotation, rather
than focusing on the shape being rotated, theyirantly interact with a visual representation of
rotation” (Sedig et al., 2001 quoted in Sedig & $&m 2006). The linking of sequential phases
in a proof or actions over multiple pages or evudvsteps in the representation of the problem
leads to a cognitive linking of the representatisiich (Kaput, 1989) “creates a whole that is
more than the sum of its parts...It enables us¢ocemplex ideas in a new way and apply them
more effectively”. As Mariotti (2002, p. 22) dedtar“the temporal sequence of the constructions’
steps represents the counterpart of the logic fuleyesbetween the geometric properties of a fig-
ure”. Figure 4 is a screenshot showing a pop-upunie rotate command and the transforma-
tion of a segment by rotating it through 90 degré&gure 5 is a screenshot showing the action
buttons for hiding/showing objects on screen, agme&ation button which repeats actions sequen-
tially, and a link button which links the currerdage with the next one, thereby connecting the
actions.

The teacher can guide the students by means dflatiom or questions eliciting conclusions
which form a step-by-step visual proof. The sofeigisuccessive pages also play a significant
role, and can be seen as a vivid section in a bexdaling the various stages in the proof. The
sequence of increasingly sophisticated construatieps could thus correspond to the numbering
of the action buttons which allows student to iatemwith the tool when they want to, or when
they are encouraged to do so by their teacheasscl

Rotate o . .
Hide Triangle
Fotate By - -
* Fived bngle gk Hide Objects
Hide Path QObjects
:E:;. degress I { |
_— Hide Objects gO 10 ?/?I QE 2
About Cantar A Hide Segment

Help Cancel Sequence 5 Actions

Figure 4: A screenshot showing a pop-up Figure 5: A screenshot showing the action
menu of the rotate command buttons for hiding/showing objects on screen
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Building on the above-reviewed theoretical backgabeand new views, the meanings of Linking
Visual Active Representations, and Reflective Visteaction during a dynamic geometry prob-
lem solving session, recently introduced by Patgmmand Koleza (to appear), are complemen-
tarily re-defined in the present study directly seated with the design process in the software as
follows:

Linking Visual Active Representationsare the successive phases of the dynamic representa
tions of the problem which link together the prable constructional, transformated representa-
tional steps in order to reveal an ever increastogstructive complexity; since the representa-
tions build on what has come before, each one i® momplex, and more integrated than in pre-
vious stages, due to the student's (or teachara half-preconstructed activity) choice of inter-
action techniques during the problem-solving prec@sming to externalize the transformational
steps they have visualized mentally (or existeir tmind).

Reflective Visual Reactionis that reaction which is based on a reflective mofithought, de-
rived from interaction with LVAR in the softwatleus complementing and adding to the stu-
dent’s pre-exesting knowledge or facilitating coetnsion and integration of new mathemati-
cal meanings.

Through LVAR a connection between the “scenarioga” (Trouche, 2004) of the activity and “a
learning scenario” (Lejeune & Pernin, 2004) in anpoting environment is being undertaken. In
that case the ICT tool cooperates with the subjectserves as an environment promoting coop-
eration) “and is not antagonist to them as in gewf thenilieu antagonistelescribed by
Brousseau (1986)” (Cerulli, Pedemonte, & Robotli)%). According to Patsiomitou and Koleza
(in press), “The LVAR process is a continuous ipkey among the teacher, the pupils and the
artefacts /tools including the computer softwarg tlds meaning we have a crucial mediation
role of the instruments, the rules, and the divisiblabour in the three relationships characteriz-
ing the teaching /learning activity, that meansrabgerizing the relationships between subject
and object (for example between a pupil and thegded activity in the ICT tool), between sub-
ject and community (for example between the telaahd the whole class) and between the
community and the object (for example between theleiclass and the tool /artefact).”

Research Methodology

The qualitative study presented herein/in this pa@es conducted in a secondary school Mathe-
matics class in Athens, Greece, and sought to exglpways in which students in small groups
develop problem representations, reasoning andgmebolving, making decisions and receiving
feedback about their ideas and strategies in a BipPorted environment b) ways in which stu-
dents develop rigourous proof through building ilmgkvisual active representations and c) ways
to develop students’ van Hiele level. The didaeperiment was conducted in a class at a public
high school in Athens during the second term ofab@demic year, and involved 65 students
aged 15-16. Firstly the researcher examined stigdientel of geometric thought using the test
developed by Usiskin (1982) at the University oic@go which is in accordance to the van Hiele
model using only the first 20 twenty questionshef questionaire. It came to light that there were
students in transit between one level and anotftdch confirmed the view stated by other re-
searchers (for example Fuys et al., 1988), whortegdhat students especially those in transi-
tion, are difficult to classify reliably, especafior levels 2 and 3. “For the research process
twenty eight volunteers students were randomlydgiglibetween the ‘experimental’ and the ‘con-
trol’ teams, with 14 students in each. The resaarehsured that both teams consisted of equal
number of: students at levels 1 to 3 respectivays and girls. The students were friends, which
fostered group discussion. The experimental teadrphaticipated in 3 previous sequential
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phases consisting of instructional / interacticedsions with the geometry software before ex-
ploring the concrete problem” (Patsiomitou & Kolezapress).

Cooperation and peer interaction in small groupss given problem-solving activity has been
rendered a significant area of research in mathesedlucation (for example Kieran & Dreyfus,
1998). Although in this type of interaction thedsuts are given the opportunity for discourse
and to exchange ideas and opinions, Kieran andfiisdégcused on the difficulties which oc-
curred “entering one another’s universe of thouglt’s also important to examine how students’
extant knowledge affected the results of the reted@n the other hand, Kaput (1998, p.7) claims
“Just because representations are linked, if iseme connection to other knowledge in the
learner’'s schema / experience the linked repreBensaare just as meaningless. Students may
cause and effect relationships within the reprediemts yet still not have a mental image of what
any of the representations linked or not mean.”

The problem situation explored by the pupils wasrtvised version of the “lost treasure of the
pirates” problem conceived by the Russian, Georgm@v (1948, reprinted 1988), mentioned at
the design of the problem section. Numerous rebessthave been attracted to the problem (in-
cluding De Villiers (1999) and Scher (2003), whaideed the activity over multiple pages using
interactive constructions) by using the Geomet8Kstchpad v4.

The problem struck the researcher as particulatgrésting because it allows three quite differ-
ent approaches: (i) the so-called ‘static’ appro&cha software-supported: ‘dynamic’ approach;
and (iii) a paper and pencil ‘dynamic’ approacheaming dynamic methods in geometry, con-
sisting of ‘thinking in motion’ in a paper pencitdronment.

The methodology of the class experiment discugsdhis paper includes an exploration of the
open problem. The students in the experimental tegahto explore the problem using static or
dynamic means, while the control group had to erarttie problem using static means alone.

The researcher followed five steps for the inqgjfimocess which are reported below:

Initially, two pairs of the experimental group esged the open-ended realistic problem within a
dynamic geometry environment. The discussions wielentaped and examined simultaneously
with the researchers’ notes during the inquiringcpss. The section “Research in the Dynamic
Geometry Enviroment” presents the pairs’ sessibastudents undertook in the dynamic geome-
try enviroment

The solution to the same problem was explored byctmtrol group with static means and was
discussed through a didactic session. The secondfidaie next section presents the didactical
analysis.

Thereafter the problem was reformulated by theareser taking into account the retroactions by
the research group and was re-explored by the stsidé the control and experimental group
through a paper—pencil test. The third part ofrtbet section presents the research with static
means and the comparison between the experimerttdha control team.

The section “Research Using LVAR” presents:

a) One pair’'s session the students undertook usingRVA

b) An orchestration with most students of the expenitaleteam interplayed with LVAR to
solve the problem with rigourous proof. The expental sessions with LVAR were videotaped.
The analysis of the results that follows is basedloservations in class and of the video. The
students' talk is in Italics.
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Research Process (without using LVAR)

Research in the Dynamic Geometry Enviroment
Research questions:

1. How important is pre-existing knowledge of the ttegos to problem solving?

2. Does the DGS environment assist the students degéiategies in order to solve a prob-
lem after exploring it in a DGS environment?

3. Does the DGS environment assist the students cahstreanings and mental schemes?

4. What conclusions can be drawn from the dialoguéis reigard to the students’ level? Is
the van Hiele level derived from the students’ agrswdifferent from their level in the
pre-test?

A presentation of the research relating to pairthefexperimental group follows who explored
the open-ended realistic problem within the dynageiometry environment. The discussions

were videotaped and examined simultaneously walhréisearchers’ notes during the inquiring
process. Every dialogue is followed by a shortysialcorrelated with the research questions.

Group A:

Field note 1: Group A consists of students M1, M2. M1 is a malelent (van Hiele level: 1) and
M2 is a female student (van Hiele level: 2) atphe-test about 4 months ago. They are medium
achievers with respect to mathematics. The sesEscribed here lasted almost 15 minutes. As
students experimented with the trace command, seigtieleft a trace when point F was
dragged to any orientation manually using the mg¢asanimation tool). As the students investi-
gated the problem, they noted that the positioth@ftreasure remained constant on the screen.
The researcher urged students to hide the iniasttuction and make their own one from
scratch following the instructions provided on gagchment. Alternatively, the students could
react spontaneously using the mouse. They coubddalguided dragging in order to make a de-
cision that might lead to the solution.

201. Mp: To start with, we could join points P and O witsegmengFigure 6)

Student M Analysis of the student’verbal formulation

To start with, we could join points P and’he pupil develops a strategy in order to
O with a segment solve the problem

202 M7 Then we can, construct a point F on the segniaint F does not affect the position of
point T, as we have seen before using the tracenzor.

Student M Analysis of the student’s verbal formulatior

Then we can, construct a point F on th€he pupil findsa solution which implies the
segment use of the rotation command

which means that he has construciegsage
scheme of the tool

Point F does not affect the position of He meandor any point F which expresses a
point T generalization
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as we have seen befousing the trace | a utilization scheme derived from the trace
command command (Tracing the segment impacts on
pupils’ knowledge )

Field note 2:M; does not express his thoughts exactly; his phsaseomplete, but he seems to
understand the process.

He means: If we transform segments FP, FO by rotation &ffé0any arbitrary point Rhen

point T will remain in the same position”, someththat the researcher understood after the fol-
lowing procedure. He takes the mouse and insqrtsre F on segment FE. Point F is positioned
randomly on the segment. It can be animated orggdidhgnywhere on the segment, but will not
leave the path. Then he rotates the segment FR@b8ut center P, and segment FO b¥ 90
about center O. The construction of the rotatitvas M, employs confirms his hypothesis with
regard to point T, which does not move. The trawktdde/show tools affected the way the stu-
dent thought, leading him to formulate a conclusiad then to rotate the segments. Using the
trace command, the student can observe that dihg®e KL pass through point T, and that point
T remains constant. Using the hide/show tool, thdent can hide the lines and render them visi-
ble once more through experimentation. The instniat®n process proceeding through the
tools affects and shapes the way the user thinkie the student also exerts an affect on the
tools and acts by formulating his thoughts throtighinstrumentalization process. The student
structures a usage schema in order to use thevhile simultaneously organizing his activity
through the tool’s own utilization schema. The fafation of the student’s thoughts includes a
hidden “if... then” expression. Consequently, thelent was led to formulate an expression
which determines level 3. The fact that he hadarmtulated his expression with clarity is due to
his inability to remain stable at this level.

Field note 3: We follow these next steps to create a rotatiodkietchpad: to begin with, we se-
lect the point which will act as the center foratain and define it on the transform menu as
‘mark center’. Then we select the object we woikd to rotate based on an angle, choosing the
specified angle (9. When the command runs, a new object is createédhis a rotated image

of the original object. For example, if a studeatides to rotate a segment belonging on a line,
s/he will not be able to accomplish the procediiséhie doesn’t construct the segment by defin-
ing it by means of its endpoints. This is a techhiletail of the software which operates effec-
tively as a direct connection between the thecegifsent definition) and the user interface. The
researcher did not consider it necessary “to sepé#na ‘teaching of mathematics’ from the
‘teaching of the tool’, preferring to integrate tgpropriation of the functioning of a tool with

the learning of the mathematics” (Olivero & Robu®007). For example, the process of rotating
a segment by specifying a mark angle df &d marking point F as the centre results in a seg
ment the same length as the original segment atiecbthrough 9(it is vertical to the initial
segment). Any effort to modify the length of thégoral segment by dragging its endpoints will
result in an equivalent modification of the depertdatated segment due to transformation (in
our case, rotation). This transformation has aifiggmt impact: during the instrumental ap-
proach, the student structures a utilization scheitlee tool, and consequently a mental image of
the functional/operational process of rotationgsiany modification/ transformation of the initial
segment (input) results in the modification/tramsfation of the final segment (output). The in-
strument includes both the artefact and the mestaédmes, which the student develops to be able
to use the artefact efficiently. In such mentalesobs technical and conceptual aspects are inter-
woven (Drijvers, 2003)

At this point, the researcher recasts the questmnrthe students: a) how can we find the treasure
now the flag has disappeared?, and b) how can aue phat point T is always fixed? The stu-
dents drag point F until it almost touches the raidpof segment PO.
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203 M.: It is a rectanglepecause the lines are perpendiculars (at the same litheyefore the
angles are 99 so these are parallel lines. (Figure 6)

Student M

Analysis of the student’s verbal formulatior

ou

Itis a rectangle

-Recognition with

because

-justification (Reasoning)

the lines are perpendiculars

-a utilization scheme derived from the use
the rotation command

of

therefore the angles are 90

-an inferential relationship between perpe
cularity and the angles

-Usage scheme for rotation by 90 degrees

di-

so these are parallel lines

-Pupil expresses the relationship betw
perpedicularity and parallelism which is
say a

to

interrelationship between meanings (level :

3)

Field note 4 student M2 speaks quickly pointing to the anglesf she has discovered some-
thing. She expresses her thoughts spontaneously rathetdfi@ally. The right order would be
“the angles are 90 degrees, so the lines are pdiquiar, which means this figure is a rectangle”.
The correlation between the psychological componétiie instrumental approach and the
meaning of ‘gestures’, as defined by Guin and Theu@002), is a way of correlating internal

and external phenomena during instrumental geriedisards (2005, p.5) claims that gesture can
be considered a bridge between imagery and spseeimg gesture as an intermediate link bring-
ing together ‘action, visualization, memory, langeand written inscription’.

o..____§

Figure 6

Figure 7
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Representations of students’s discussions
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204 My: If we join point F and T this line will ban axis of symmetry. Point F is the midpoint,
FT isthe perpendicular bisector because it is aaxis of symmetry, so TP=TO.

Student M Analysis of the student’s verbal formulatiop

If we join pointFand T If ...then statement ( level 3)

this line will bean axis of symmetry -Connection of the meaning of axis of sym-
metry with the shape, due to equality of the
segments
-Interrelationship between figures (level 3)

205 M;: Then everybody can move on the perpendiculactoseas it is the midpoint of segment
PO this distance (he points out the segment PK)

Student M Analysis of the student’s verbal formulatiop
Then everybody can move on th@pen- The pupil expresses the exact solution of the
dicular bisector problem

as it is themidpoint of segment PO -Pre-existing knowlege

-expression of a relationship between the
perpendicular bisector and the midpoint of
the segment

-appropriate terminology for the description
(level 2)

Group B:

Field note 5:group B consists of students;MV,. M3 is a male student (van Hiele level: 2) and
M, is a female student (van Hiele level: 2 transiBynThe session lasted almost 15 minutes.
Students picked a random location for the flag pBion the segment PO and they dragged it,
showing that regardless of F's position the tregisysosition is always immovable.

206. M3: the triangles PKF, FOlare isosceles and right triangles. (Figure 7)

Student M Analysis of the student’s verbal formulatior]

areisosceles and right triangles -Instrumented action scheme evoked by the
use of the tool -rotation of a segment by:90
degrees

-Appropriate terminology for the description
of the figure

207. My the triangle KFLisaright triangle because the angles EF, =45°, so the angle KFL is
equal with 90

Student M Analysis of the student’s verbal formulatior
the triangle KFLisaright triangle utilization scheme
because the angles EF, =45° -Pre-existing knowledge

-justification (Reasoning)
-relationship between properties
so the angle KFL is equal with 90 -Consclusion and expression of a relationship
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208 M if we construct the median of the triangle FOL, jognthe vertex O with the midpoint
of the opposite side FL. ...

Field note 6: M3 drags point F until it coincides with point P. Hetes that the extension of the
median could pass through point T (the site ofsnes). He confirmed his conjecture by dragging
point F so that it coincides with point P.

209 Ms: thetriangleisaright and isosceles one and the median is equal to the half of hypote-
nuse. So OT =KL/gigure 8)

Student M Analysis of the student’s verbal formulation

if we construct the median of the triangleThe pupil develops a strategy in order|to
FOL, joining the vertex O with the midpoinsolve the problem
of the opposite side FL

thetriangleisaright and isosceles one and -Pre-existing knowledge of the theorems and
the median is equal to the half of hypotéheir correlation with the shape
nuse

He finds a solution to the problem

210. Researchebo you know KL?

211. My according to Pythagorean theorem Kdequal with the sum of the squares of the two
vertical sides of the right triangle. KL is... (?)

212. M¢ KL=POV2 and OT=PO}/§/2)

Students M, M, Analysis of the students’ verbal formulation

according to Pythagorean theorem Kk -Pre-existing knowledge of Pythagoras’ theo-
equal with the sum of the squares of the twem

vertical sides of the right triangle -Longer sequence of statements (level 4)
-Direct calculation and relationship wi

knowledge of the theorem, previously ex-
pressed by her schoolmate

-expression of the exact algebraic solution

KL=POV2 and 0OT=POY2/2)

Field note 7:M4 seemed to pay attention to everything that M8 aad spoke in turn. She com-
pleted M3's answer by calculating the correct langftsegment KL using the Pythagorean Theo-
rem. She then dragged point F until it coincidethwuilie midpoint of segment PO. Both students
spoke very quickly and communicatively. It seentet both knew the answers in advance, but
had approached the solution in a different mariman the previous pair having spontaneous and
quick reactions. The researcher felt like she wake middle of a tennis game where the ball
was moving very fast between them. She compareldehaviour of the same students when they
faced a similar problem in a static medium wheeedtudents didn’t express their thoughts in-
stantaneously; they reached their conclusion slowly
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213.My: If we drag F to be the midpoirthen the triangles KFT = FPK = FTL=TOL are
all congruent and FT ian axis of symmetry. ...Then FT= FP soif PO=xthen FT = x/2.
(Figure 9)

Student M Analysis of the student’s verbal formulation

If we drag F to be the midpointhen the -If ...then statement

triangles -The pupil develops another strategy in order
to solve the problem

KFT = FPK = FTL=TOL are She has constructed mental schemeas a

result of theinstrumented action scheme
constructed by the rotation commaauad her
pre-existing knowledge

if PO=xthen FT = x/2. -If ...then statement

- longer sequences of ststements (level 4)
-transformation into an algebraic expression
-an exact solution

all congruent

Field note 8:In the dialogues, the phrases marked in bold atieative of the students’ levels.

The students reached conclusions on the problecotrglating the theorems they already know.
The software, however, helped the pupils overcdmg bbstacles and prove the specific cases of
the problem. As Drijvers (2003) writes “The instreimation schemes integrate technical skills
and conceptual insights”. We agree with Drijverat tive “cannot look inside the heads of the
students to observe the mental schemes”. Foreghson, “we focused on the techniques, which
can be considered as the observable parts of stremmentation schemes”.

Didactical Analysis

The same problem was presented, and the sameédications given, during a class lesson.
Initially, the students worked individually and didt understand what could be done to find the
solution. The results from the paper-pencil tesingdd that the students spent a long time
(roughly 30 minutes) constructing lines and blaftiheir drawing without reaching a solution. In
a session where the problem has been discussed)@uciassroom learning process, the re-
searcher assumed that insufficient clarificatiod baen given to the students in the initial paper
and pencil test. The students did not return tgtioblem for a whole month. Then the researcher
decided to readdress the same problem. She redtediuhe problem using a different way of
approaching it which experimental group studentbdwane up with during the sessions (e.g
choosing to position the flag on the midpoint betwéhe two trees by dragging).

The reformulated problem: “An archaeologist haslanmap which explains the position of a
clay pot: You walk directly from point P to point(F, E are constant points) counting your paces
as you go. Then turn right 90 degrees and wallsémee number of paces from point F. When
you reach the end, put a stick in the ground. Retupoint P and walk directly to point K, again
counting your paces and turning left 90 degreesvaalkling the same number of paces. Put an-
other stick in the ground. The vessel is burietheaxmiddle of the distance of the two sticks.

Rejecting the procedure described above, the aptdgist did the following: starting from the
midpoint of the segment FE, he followed the di@tsi given on the map until he finally found
the pot. a) Can you plot the shape according tetijes that archaeologist followed? And b) can
you explain (using formal logic) why he was right?”
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Figures 10, 11, 12 depict the sequence of consteusteps leading to the solution. The students
had to follow these steps to prove the problem:

1. To find the midpoint O of the segment FE
2. To construct the rotation of the segments FQ, OE

3. To connect the points A and B and observe tieaségment AB passes through point V (posi-
tion of the vessel)

4. To verify that points A,V and B are collinear
5. To verify that point V is the midpoint of segn&B (Figure 11)
The solution of the problem is the following:

[ The Geometer's Sketchpad - [lost treasure of pirates - 10]

[8] File Edit Display Construct Trensform Messure Graph Window Help

Fl=nG]-

> qK author:St. Patsiomitou, 2007

figure 10 figure 11 figure 12
_Tille | The problem | 1t specific point F | 2nd specific paint | 3id specific case | iace of theline ] 5] 6] 7] 8|8 10| 11] 12] 13] 14] | 4| | ;F
Click to begin scrolling the window
Figure 10 Figure 11 Figure 12

Sequence of constructive steps leading to the soart

We must prove that the shape KALB is a parallelog¢gigure 12). For this we have to verify
that the opposite sides KA, LB are parallel andabdtA=0P (from the comparison of the con-
gruent triangles FOP, FAK). And BL=OP (from the qmarison of the congruent triangle®E,
EBL) while the angle <KAB= <ABL =99+b (Figure 12). So the quadrilateral KALB is paral
lelogram and AB dichotomize KL, consequently then®A, V, B are collinear and the point V
is the midpoint of the segment AB.

The researcher revealed neither the solution roshiapes on it to the students before posing the
problem using static means.

Consequently, the following research questions cée posed
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5. Can the students in the experimental and contaphsecomplete the diagram by follow-

6.

7.

ing the route taken by the archaeologist? Or iemwtvords
Which group responded more correctly to the probiepnesentation?

Were the decision/problem strategies adopted bgtthaents in the experimental team

during the software problem-solving process consio

Can the students in the experimental or controhtba induced to apply productive rea-
soning?

Each student had roughly 20 minutes to solve thblem.

Research with Static Means

In this section, differences between the two tegmnterms of completing the representation of the

problem will be briefly presented. In this way, w#l be able to derive conclusions on the stu-
dents’ understanding of problem formulation relgtio the meaning of rotation in tandem with

their formal reasoning during problem discovering golving. Some representative examples of

students’ shapes are shown in Table A. The fingt ihcludes examples from the experimental

team; examples from the control team are includdohée three. On the second line, the students’

levels are displayed so one may directly obsergectbhss-correlations and differences with re-
gard to construction.We can therefore conclude that

Examples of experimental team’s represenatations

W i W . T N M 3
& ,_.__—-':"'"F{l - I---~-"."_FF'_F|I . ----'-'_"'d__'-']l_| = f:-'l]'-. qj.—-v—*';'j )
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| | '| | | ™ | B |
B | ] .. .
| . ui L .
K | K " L | Kl II I‘:L__ ¥ -;I i B . |
=ty =< —4 =— e 2\
Level 1 Level 2 Level 2 Level 2 trans. 3 | Level 3
I-I . - d 1] . L __'_'_"'ﬂ_ o W
i .rll | |I
1l = I+'l ) I|
I |, | =
I | Bd .'.F“ Ilﬂ
| | | -
¥ | | " |I_ 1 .|r-
h-}l_— |

Examples of control team’s representations

Table A

The students in the experimental team followedigefit steps in their approach to the solution.
Irrespective of their van Hiele level, they madsoarect shape, which proves they understood the
meaning of ‘rotation of a segment”. In the experitak group, students who explored the prob-
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lem through dynamic representations proceededetprhof, while the rest made worthy attempts
by trying to reach conclusions using the mode otwiction (one female student, for example,
identified the axis of symmetry and from this readla conclusion as to the position of the clay
pot). Their actions were relative to those involuethe software sessions; despite their not hav-
ing re-examined the problem in the interim, thedetis were able to recall their actions as
though they related to a recent task. The studentsstructions and answers allow us to conclude
that they had operated and found the solution usimgntal construction (or a series of recalled
images). The level of the pupils with regard tdrtkdegree of success in construction as well as
reasoning (we can see the representations Tablaépf decided importance.

The students with levels 1 and 2 have compreheadddirawn the representation of the problem
correctly, highlighting the congruent correlatedrsents on their depiction. Their construction of
the rectangle matches Figure 1 in the didacticalyars. From level 2 up, the students also ex-
plain the process they used to solve the probldma.students in the control group did not suc-
cessfully construct the shape, and most did notrstand the meaning of “rotating left/right by
90 degrees”. We even observed errors in the retogrif segments pupils considered equal. No
one achieved the proof, and their efforts were Igwaecidental.

We shall limit ourselves to analyzing the behaviouthe three most advanced students. We shall
therefore examine and analyze the mental appradeim toy two students from the experimental
and one from the control group to proving the sofuto the problem.

Student Y: Student Y didn’t produce correct congians in earlier tests. His diagram reveals
that: a) He has understood the problem, since lie mauccessful attempt at constructing and
solving it. The instrumentation procedure and zatlion schemes resulting from the use of the
software’s rotation command guided him to an urtdeding of the 9rotation / turn. He ap-
plied a research method in his use of the softwerepuntering a cognitive obstacle, he came up
with a reverse solution to the problem. As a resdtproduced a complex construction on paper
which students at a higher level that Student ¥dkio construct. He continued by comparing the
two triangles and concluding that their sides werequal length. This comparison reveals the
conscious use of productive thinking. Student Y praved the problem for the specific case of
the rectangle by recognizing the congruent isoscahel right triangles, highlighting the angle of
45 degrees on the diagram.

Student X: Student X constructed a mental imaghefvay in which part of the figure rotates,
and this helped him to solve the problem. Conngd®irand P, he compared the two triangles.

X’s approach is different from that in the softwaf@e student has understood that he has to
compare the two groups of triangles if he is toesdhe problem. His comparison is accurate and,
confirms our earlier intuition that the student basastructed a mental model of the rotation of
part of the figure, as this is how he sets abootipg that these parts are actually equal. Student
X has generalized: his drawing is complex. We daseove that his proof and the drawing are
similar to the shape constructed by the reseaintégure 12.

Student Z : The Student is able (van Hiele leval the examples above). The diagram she pro-
duces is incorrect. Her construction of the rotai®incorrect, as the two segments that result are
not equal. The remainder of her solution and ptack any underlying rationale: she does not

mention a rectangle, but rather a shape (it idadrowhat shape exactly).

Research Process (using LVAR)

As mentioned in a previous section, LVAR is thegass of proving the concrete problem made
up of a series of steps which can function as porese, anticipating questions posed explicitly or
implicitly by the teacher (or student).
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During the inquiring process the researcher actesl @-actor in/co-ordinator of the activity, as-
suming the role of the teacher, coordinating tisealirse and leading pupils towards the Euclid-
ean proof. The pupil participants are guided thiotng discussion and by the multiple pages of
the Sketchpad file towards the interaction techesgélternatively, the students could react
spontaneously using the mouse. The students disabtiee solution strategies relating to spe-
cific points chosen by them thereafter have beetivaied by the researcher to interact with the
semi pre-designed problem by her in the multiplggsa The semi-predesigned problem con-
tained as much information as was needed to gedttinkents to think, explore and treat Maths
like a game, and thus helped them mentally cons&ruew meaning or image by processing their
extant knowledge of the theorems. The researctsgrued the problem in the software’s multi-
ple pages using LVAR in the light of her observasiof the way pupils develop learning proc-
esses in mathematics—i.e. that they return toaque step in the construction process because
this allows them to reorganize their thoughts, lbedause it feeds back to their future actions.
Key points from the peer sessions are detaileddbdtach and every new discovery is greeted
with enthusiasm. The points in the dialogues attihe researcher observed the RVR are also
noted, along with the points at which utilizatiathemes were constructed by the students. The
phrases marked in bold correspond are indicatithefevels of the students.

As the images below illustrate, the researcher tmok to highlight the equal segments or the
equal triangles with the same colour, which woyldesar in the students’ correct answer when
pressing a hide-show button.

Within this theoretical framework, two more signént research questions are posed:

Research Questions:

8. To what degree can LVAR contribute to the studeotsstructing rigorous Euclidean
proofs?

9. To what degree can LVAR assist students improveelde their van Hiele level?

A pair’s session
Group A:

Figure 13. Sequential phases of the Linking Vidu@ive Representations of the figure 13

Field note 1:is constituted from pupils MM,. M, is a male pupil (van Hiele level: 1 at the pre-
test) and Mis a female pupil (van Hiele level: 2 at the pest} tested about 4 months ago.

214. M, : PQSO s a trapeziulecause PQ and SO are perpendiculars to PO as we comrclud
from the rotation for 90 .. we must prove that T is the midpoint of any segment that can
be. Will we join K and S? .... These (pointing to,K)S) seem to be diagonals but where is
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the quadrilateral . If we prove that KL, QS are the diagonals of a parallelogrtren the

diagonals are dichotomized.... .But we

have to finstithe parallelogram..(Figure 13)

Student M

Analysis of the student’s verbal formulatior

PQSO is a trapezium

recognition and classification of the figure

because

justification (Reasoning)

PQ and SO are perpendiculars to PO

-RVR

-Formulation of a relationship between t
segments

which implies that

the pupil already knows that two perpedicu
lines are parallel, namely connection with
her previous knowledge

-interrelationship between properties (level

as we concluded from the rotation f

9C°

Utilization scheme of the rotation commanc

that she has constructed a mental scheme

he

lar

3)

we must prove Need to prove —the student understands of
significance of deduction

T isthe midpoint of any segment that can Generalization

be

These (pointing to KL, QS) seem to HRVR

diagonals but where is the quadrilateral connection of the diagram with the rela-
tioship that diagonals of any parallelogram
has

If we prove that KL,QS are the diagonalsIf ...then statement

of a parallelogram

then the diagonals are dichotomized Properties of the shape

But we have to find first the parallelo-The pupil does not have a diagram before her

gram... and has to conclude the shape of the paral-
lelogram from the diagonals, which means

215. Mp: we want to prove that this is a parallelogram (pointing to QKSL)This is a common
side of the triangles (meaning ARhese will be equase we will have the opposite sides to
be equal which means FEQK =LS...But wehave to prove that these (meaning QK, SL)

are parallel lines

Student M

Analysis of the student’s verbal formulatior]

This is a common side of the triang
(meaning FF) these will be equalsp

equal which means FEQK =LS...

we will have the opposite sides to bﬁe

eRVR from the construction of the diagram

compared the triangles without using a
r—pencil design

But wehave to prove that these (mean
ing QK, SL) are parallel lines

-In other words, the student has to we
backwards in search of a relationship t
would allow it to be a parallelogram.

rk
hat

3
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216. M;: if we prove that these are parallel linden the quadrilateral is a parallelograrbe-
cause these are equatp the diagonals will be intersectesh the diagonals will be dichoto-
mized

Student M Analysis of the student’s verbal formulatior]

if we prove that these are parallel lines-Conjecturg if ...then statement

then the quadrilateral is a parallelo- -Relationship between the shape and its sides

gram properties of the figure
because these are equal RVR — semperasma
so the diagonals will be intersected -Complex way of thinking

so the diagonals will be dichotomized. -Formulation of the figures’s properties

217. Mk: we must prove that these are right triangles (points out thetgles PFF’, OSL ...)
...but they are (right) because we have constructed them with the rotation.

Student M Analysis of the student’s verbal formulatior
we must prove that these are right tri: - the student understands of significance of
angles deduction (level 4)

but they are (right) -utilization schem@RVR)

because -justification (Reasoning)

we have constructed them with the rotaa mental scheme
tion.

Field note 2: M, displays behaviour associated with a higher vaeHevel when he uses geo-
metric terminology to express his thoughts. He yares M sconclusion, using it to as his start-
ing point and working backwards. The student ntteshape and thinks out loud, producing a
complex sentence including an ‘if...then’ statemeétf#.also expresses an inverse relationship he
needs to prove the validity of his statement, aléagea cogent argument, meaning a series of
linked statements leading to a final “semperasroaii¢lusion.

The word “semperasma” is defined in Greek dicti@sas “a new thought formed from given
data”. ‘Semperasma’ is also Aristotle’s term fomsthing intended to follow on logically from
given premises, or a logical conclusion affirmihg protasis or in other words what results of
necessity, and also a terminology used when thédean proof is accomplished. That his state-
ments are logically linked, allows us to posit thatvan Hiele level is in transition to a higher
level.

When M, discovered the parallelogram, she points to tlapshexpresses the relationship be-
tween the meaning of perpendicular lines and timstcocted rotation of the triangle by setting
'mark angle’ to 90. Her expression “we must prove” shows that sheststends the significance
of deduction in solving the problem. The logicasening and the appropriate use to which the
pair put hypothesis/semperasma or analysis antiesistof their thoughts in accordance with
a higher van Hiele level than that revealed indrestest.
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An orchestration of the group and the LVAR on the m ultiple pages of
the software

Field note 3: The experimental group consists of pupilst® M, 4. The teaching session was de-
signed to record how students with no prior expedeof the given problem would react as they
interacted with the LVAR. The researcher’s aim waadapt the experiment to real classroom
conditions. It was crucial that students complétedproof during the experimental procedure by
taking their partners’ thinking further as they aedund the PC with the researcher among them.
The researcher had connected a projector to hercomputer, and pupils could actively partici-
pate by interacting with the multiple-page pre-conded activity.

All the students were free to click on and usesthiéware tools to take an active part in the activ-
ity, and their contribution was the subject of disgion among the students. In that way, the mis-
takes made and the approach taken by each stunlddtlie seen by all, and they could all ac-
tively participate in the procedure; as a reshkt, ¢lass was more like a playgroup than a mathe-
matics class working to strictly find proof. As thimok part in the process and contributed to the
proof by answering the researcher’s questions, dldeled to it by explaining their conjecture,
which was connected with the appearance of aniadditconstructive procedure that would ap-
pear. During the classroom experimental sessi@ngbearcher strove to activate those students
that had not participated in solving the lost teeagroblem during the pair-work phase, encour-
aging them to state and share their views. For plastudents Mto M;,--the students who had
the highest RVR--had been involved in solving ottrablems, but had never done so in the mul-
tiple linking pages provided by the software. Thegess effectively stimulated cooperation as
the team as a whole struggled to solve the probietime best way they could. A presentation of
the session’s most important points, at which tingilp answered crucial questions, follows be-
low. The session was approximately 25 minutes long.

Figure 14. Sequential phases of Figure 14 whilatgeis animated and KL is traced
Working on figure 14
218. Researcheiwhich is the position of point T as we drag p&iat (RVR)
219. M, it is thesymmetry centre of the shape

220. R:Can you conjecture what kind of quadrilateral imphd with the traces as we drag point
F? — (utilization scheme)

221. All the pupilsit seemsa square (RVR)-(social scheme)

Field note 4:When a pupil interacts with the visual represeatatie can visualize the sequential
steps of all the visual representations that apgeang the animation of point F as the segment
KL is being traced. Besides the pupil verifies albythat the distances KT,TL remain equal as
proint F is moved and that it remains the midpoinKL for every point F.
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This process results in a connection between freits-graphical’ and the ‘theoretical field’ as
C. Laborde (2005) describes. The pupils reactigovisual stimulus and respond instadaneously.
Their responce is a result of the reaction whiatueg to the visual stimulus.

The depicted representations lead the pupils tetoact a more sophisticated representation
which reflects the shape of a square. This prdeests the pupils to connect the LVAR with the
meanings of the centre of symmetry and the sqédrine same time this process results in the
pupil visually connecting the meaning of the squaith the equality of the diagonals and the
equality of its sides —i.e a relationship betwdenttvo meanings.

Then, the sequence of diagrams leads to the grémlnalilation of expressions relating to the
problem’s solution, since the student is led torf@xpressions like those formed by studdit
The resultant LVARSs lead the student to a reflexnaxe of thought which results in their con-
necting the images (i.e. the visualization) witbhgurctive thinking and the reasoning required for
the proof process.

231. R: can you find what the equal segments are?

I3 The Geometer's Sketchpad - [lost treasure of pirates - 8]

TIra 13| el
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A
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T T T
fo C
N e Iy .

[Hide Objects
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[Fide Segments
[Hide Segments
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Clickto begin scrolling the window

Sequential phases of Figure 15 from the depictedRV
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232. My the segments Kland PF are equalbecause the triangles MKPcaz FF' P are congru-
ent as thewre right triangles,(mental scheme) they hak® = PF , and angle < MKRs
equal to <FPF"angle — becauseKPF’ angleisexternal to the triangle MKP so it is con-
stituted from an angle of 9@nd the angle <FPFso it is equalith the opposite angles

<(MKP+ 90°) (Figure 15)

Student M

Analysis of the student’s verbal formulatiory

the triangles MKPca: FF'P are congru-
ent

RVR

Because, and angle < MKPis equal to
<FPF"angle

Justification - connection with prior know
edge of theorems (criteria for congruent
angles)

|_
ri-

theyareright triangles

RVR (reflection from the diagram)

they have&kP = PF

Utilization scheme constructed from the
of the rotation command

ise

angle < MKPisequal to <FPF" angle

RVR (reflection from the diagram)

because

justification

<KPF’ angle is external to the triangle
MKP

Connection with prior knowledge

so it is constituted from an angle of °9
and the angle <FPF

ORVR (reflection from the diagram)

so it is equalwith the opposite angles
<(MKP+ 90°)

RVR (reflection from the diagram)

-the student understands of significance
deduction (level 4)

-Longer sequence of statements (level 4)

of

; E=
T =
M F L
FI
.
N

Sequential ph

ases of the figure 16

Field note 5:M7'sresponse impressed the researcher, though sheetadresponded so imme-
diately in traditional classes prior to the sessidther answer was spontaneous, instantaneous,
and related to the reflection from the diagrameisice did not have time to use paper and pencil
as the researcher’s questions were continuousegredited rapidly. The researcher’s observations
reveal that it was not always the same pupils whplalyed the same spontaneous reflex reac-
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tions. The pupils then moved on to constructingdinising perpendicularly from points K, L to
prove that the treasure’s position is unrelatethédocation of point P. As their answers prove,
they had linked the previously presented actiortheéaconstructional or transformational actions
on the current page.

(Figure 16)

233. Mi: angle MKP is equal to angle FPBecause their sides are vertical. (RVR)
234. R: Which of the segments are also equal ?

235. All the pupilsLN and OF’ (RVR)-(social scheme)

236. M : the sum KM+LN= PO=PF'+F' O

237. My : the quadrilateral KMNL is a trapezium and TQ ¢uel with the sum (KM + LN)/2.
But KM + LN= PF+F 'O =PO, so the segment TQ the half of the segment PO .

Student M Analysis of the student’s verbal formulatior

the quadrilateral KMNL is a trapezium | Recognition-visualization

TQ is equal with the sum (KM + LN)/2 | connection with prior knowledge
(correlated theorem)
But KM + LN= PF+F 'O =PO Connection #inking with the previous page

so the segment TQ ihe half of the seg- Productive reasoningf (TQ is equal with the
ment PO sum (KM + LN)/2, KM + LN =PO

then TQ isthe half of the segment PO

- the student understands of significance of
deduction (level 4)

-Longer sequence of statements (level 4)

238. R: Why the segments MP, ON are equal?
239. My because they are equal with the segment'FF RVR- (utilization scheme)

Field note 6: Although the problem was open-ended, the studeicieeded in formulating a
semperasma which they had to prove. Studentard M; reach conclusions on the problem by
correlating the theorems they already know. The RM# multiple pages helped them react in-
stantaneously and connect their thoughts. Theftramations which occured due to techniques
had a significant impact: during the instrumenfgr@ach, the student structured utilization
schemes of the tools, and consequently mental isnaigéne operational processes, since any
modification/ transformation of the initial figu(eput) resulted in the modifica-
tion/transformation of the final figure (output).@/¢an thus see that an inductive cognitive pro-
cedure had guided them to productive reasoninglservation of students’ answers would in-
dicate that their answers are in accordance witiglzer van Hiele level than that revealed in the
pre-test. The pupils didn't use to applying theaagievant to trapeziums in the pair-work ses-
sion, because they were not familiar with the redatoncepts. This allows us to conclude that
prior knowledge is very important for teaching loistsort including a problem-solving scenario.
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Student’s M1 M2 M3 M4 M7 M8
action/behaviour | Levell | Level2 | Level2 | Level 2-3| Level 2-3 | Level 2

Develops strategy . . . .
Structures utiliza- . . . . . .
tion schemes
Uses his/her prior . . . . . .
knowledge
Uses appropriate . . . . R
terminlogy
Uses reasoning . . . . .
Uses ‘if...then’ . . .
statements
Uses longer se- . . . .
quences of state-
ments
Understands the . . .
significance of de-
duction
Uses formal proof . . .

As we can see from the table of results, the stisdeho achieved a strict prod¥ig, M7, M8)
were the students with a van Hiele level of 2, tifothey were assisted by the LVAR in the soft-
ware environment, while studemtl used “if...then” statement using the LVAR.

The LVAR have thus helped elicit a constructionalde of thought from the pupil. Indeed, that
LVAR play a significant role in developing pupil derstanding and reasoning is clear from the
fact that students demonstrated a shift from vism&brmal proof during the experiment. The
RVR led students to formulate “if ...then” propositf thanks to the instrumental genesis
evoked through the orchestration process. Duried ¥WAR session, some students successfully
entered the universe of their partner’s thoughtsa@mpleted the task without pauses—and this
under the undoubted stress of being observed 20 teachers--and are encouraged to con-
struct a social scheme through the LVAR processtlamdemiotic mediation between teacher and
student. The linking representations LVAR on midipages assisted them to react immediately
and link their thoughts. Consequently through a@udtive procedure they were led to a produc-
tive reasoning. All the time their interest waseatated to find the treasure, not only to solve the
problem. So their responses included the subjettema

Summary of the findings of the research

The core conclusions relate to the experimentalgrdhe conclusions relating to the control
group were reached through comparison with theraxpatal group and by means of tests.

The primary observation was how enthusiasticakydtudents in the experimental group took
part in static geometry activities after four weakwking on the software activities.
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The research presented in this paper was undéxji¢ide characteristics of the theory of Realistic
Mathematics Education (RME), initially formulated YYan Reeuwijk (1995) and briefly summa-
rized by Drijvers (1999, p.35) namely the reseamhcerned a “real (or realistic) world problem
situation that students perceive as real or réaligtrough which the students had the opportu-
nity to develop:

b) “their own informal problem solving strategies”

c) “the two types of mathematization (mathematagtdistinguishing between:

“the horizontal mathematization: modelling the geob situation into mathematics” and
“the vertical mathematization: the process of ingag a higher level of abstraction”.

d) “interaction among them and between studentgtanteacher,... because discussion and co-
operation enhanced the reflection that is esseotighe reinvention process.”

e) “an integrated view of mathematics, as welhasflexibility to connect the different sub-
domains”

The results of the research can be illustratetlarféllowing table:
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Students of experimental group

An observation of their answers would indicate thatsoftware has helped the stude
answer at a “higher level” than that indicated iy ¥an Hiele test

During the activities structured a usage schenmader to use the tools while
simultaneously organized their activity through thel's own utilization
schema.

The transformation process had a significant impacéxample: of the con-
struction of the functional/operational processathtion the student structureg
a utilization scheme of the tool, and consequemtiyental image

Formulated hidden “if... then” expressions

The software helped the students overcome thetacles and prove the spe-
cific cases of the problem.

Irrespective of their van Hiele level, they madmaect shape, which proves
they understood the meaning of ‘rotation of a sagine

Students who explored the problem through dynaspcasentations proceeded
to the proof, while the rest made worthy attemptsryang to reach conclusions

using the mode of construction

The students had operated and found the solutiog asmental construction
(or a series of recalled images). So the decidiategjies adopted by the stu-
dents in the experimental team during the softywaoblem-solving process
were conscious

The LVAR spread over multiple pages helped theesttglto react instantane-
ously and to articulate their thoughts.

The LVAR helped the students to operate in a &uryil complementary man-
ner, assimilating /accommodating their prior knesge, or as a confirmation
the pupil’s thought processes /mental approach.

LVAR helped the students form rigorous Euclideamofis

The students were “starting to develop longer seces of statements and be-
ginning to understand the significance of deduct{de Villiers, 2004).

The students were forced to answer rapidly andtapenusly; the researcher
kept her questions coming in a fast and continstnesm, which meant they d
not have time to use paper and pencil. The reseasatiassroom observations
reveal that it was not always the same pupils whplayed the same spontang
ous reflex reactions.

They reached conclusions on the problem by coinglaihe theorems they al-
ready know

Pre-existing knowledge of the theorems was veryontgmt to problem solving

The students in the control group

during the research with the static means did notesssfully construct the
shape

did not understand the meaning of “rotating legtitiby 90 degrees”
made errors in the recognition of segments pupitsiclered equal
No one achieved the proof, and their efforts wenely accidental.

nts
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Conclusions

Representations were the first empirical mode hath the proving process in Ancient Greece,
too (see, for example, Socrates and Meno) alththuglprocess observed in Euclid’'s “Elements”
does not display a transition from visual represtorn to rigorous reasoning. The visual repre-
sentations can proof only specialized cases, vthdd=uclidean proof can empower every case
by reinforcing the initial visual proof.

Informati the problem bei
m\'sslimt:g ot usmp? = ‘.i:;ﬁ Transformation of the problem inte a geometrical model, using LVAR. in

tepresentations which adapt the - the multiple pages of the software, for further investigation
problem for a computing

environment l

= developing
through Maalized actions

e

i Subject artifact

 e———
4

| Artifact and
1 schemes

Report on the Selution
of the problem

L

interpretation of the real problem ‘

return to the choice of strategies regulating the use of
tools and diagrams workingin the geometrical model
through the LVAR

Diagram 1: interpretation of the problem solving in a dynageometry environment

Creating visual mathematical representation irstifevare can make it easier for students to
grasp the relevant concepts by allowing the contilsunanipulation of mathematical objects in
real time. The LVAR are embedded into a multi-phlge and their active functions lead to the
taking of decisions relating to solving the probjewhile their construction can make Maths eas-
ier by being partly prepared by the teacher, wkibes times. Like the different techniques the
researcher used, the software tools can assisttisegiunctions with a view to analyzing the data
and composing the solution and make it easieti@istudent to reach decisions. Teachers can
thus improve their students’ knowledge by elicitmgntal schemas from them, which is to say
the students can be guided to reach conclusionshvitim a step-by-step visual proof. There are
studies (for example Bennett & Desforges, 1988)civiziaution that the problems used should be
set in a familiar context and build on the studestsant knowledge. Analysis of the results of
the presented in this paper research do indeedrotifat prior knowledge plays a significant
role in solving the problem, as do teacher and\so# mediation. The pair’s solutions during the
experimental software process are limited to tfamiliar context, although they have solved the
problem through LVAR using formal reasoning. Thehastrated experimental team solution
included knowledge of theorems the pupils had wided, allowing us to form the hypothesis
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that the group might have employed other famili@orems, which is indicative of the context’s
appropriateness for future research.

Jaime and Gutierrez (1995, p. 592) noted “the veteHnodel of mathematical reasoning has
become a proved descriptor of the progress of statleasoning in geometry and is a valid
framework for the design of teaching sequenceshioa geometry”. From the Van Hiele theory,
it is clear that an understanding of formal reasgrmian only develop at level 3, since that is
where students start noticing the inter-relatiopstietween the properties of a figure — some-
thing that didn’t occur for the students in the ttohgroup. On the other hand, the researcher ob-
served that before the software sessions, thergsidethe experimental team didn’t differ from
the students of the same level in the control gneitip regard to representations of problems and
reasoning. According to Gawlick (2005, p.370): “Nadue of the dynamic approach is twofold:
1) it can be continued to higher levels and preparelower levels, so students get accustomed to
the tools as well as to a ‘discoverer’s’ habit ohdi2) on all levels, it provides a material base
for the sequential phases of learning in van Hsetigscription of progression from one level to
another: namely they can explore the topic in apltd directed orientation via DGS and then
build the new concepts for themselves, drawing upeir previous knowledge.”

The instrumental genesis procedure via the tramsfions undergone by the activity and the
utilization schemes the students draw up with at@solving the problem led to the construc-
tion of cognitive schemata which developed throoglfaboration and constant interaction with
the environment. The instrumental genesis theodipelehe researcher to interpret student be-
haviour in the dynamic geometry environment andiserve the relation between technical and
conceptual components within instrumentation scleeffiBere were changes in the behaviour of
the students (Guin & Trouche, 1999, p.220) obseaftdt their investigation in the dynamic ge-
ometry environment, taking into account their mathatical profile and the main features of the
student’s van Hiele level of geometrical thouglatirol.

Examining how the researcher addressed the resgaestions, we could say:

- Pre-existing knowledge of the theorems plays aroitamt role in problem solving; al-
though;

- The DGS environment helped the students to studemntsvelop strategies for solving
the problem;

- The van Hiele level derived from the students’ agrsws differed from their level in the
pre-test;

- The students in the experimental group responded owrectly to the problem repre-
sentation;

- The decision-making strategies employed by theestigdin the experimental team during
the software problem-solving process were consbi@gopted;

- The students in the experimental team alone caalidduced to apply productive reason-
ing;

- LVAR contributed to the students constructing riges Euclidean proofs;

- LVAR process helped students to improve /develejr hen Hiele levels.

The procedure described and analyzed allowed #eareher to reach conclusions relating to
how students learn in a dynamic geometry environméth LVAR, which are comparable to a
vibrant section in a textbook, and to how theielesf reasoning develops—a phenomenon ob-
served during the class sessions. Specificallyvetedents do not know how to go on, they re-
turn to a previous action, reconstructing the sHegma scratch, for example, or undoing a given
step which doesn’t seem to have helped, tryingi;way to get feedback with regard to a future
procedure relating to solving the problem. The pdage in the dynamic geometry environment
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including LVAR this allows us to reach a semperagRatsiomitou & Koleza, in press), as does
Diagram 1, which depicts the problem-solution fliova software environment, since the solution
to the problem depends on the right decisions b@iade when the activity’'s strategies are being
designed, on the right combination of LVAR, andooeating and choosing different interaction
techniques.

Semperasmaa pupil can develop his/her level of knowledge hycpeding through increasingly
complex, sophisticated and integrated figures asuklizations to a more complex linked repre-
sentation of problem, and thereby moving instardasky between two successive Linking Vis-
ual Active Representations only by means of mesaakideration, without returning to previous
representations to reorganize his/her thoughts.
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